Instanton contributions to the Laplace sum-rules for correlation functions of scalar gluonic currents are calculated. It is demonstrated that the instanton contributions consist of an instanton continuum that contributes to all sum-rules and a (scale-independent) portion which makes a unique contribution to the sum-rule containing the low-energy theorem. These instanton contributions are found to diminish the role of the low-energy theorem in the sum-rules, significantly increasing the resulting mass bounds for the ground state of scalar gluonium. * email: Tom.Steele@usask.ca †
Introduction
In the chiral limit of n f quarks, the low-energy theorem (LET) for scalar gluonic correlation functions is [1] 
where
The current J(x) is renormalization group (RG) invariant for massless quarks [2] , and its normalization has been chosen so that to lowest order in α J(x) = αG a µν (x)G a µν (x) 1 +
Most applications of dispersion relations in sum-rules are designed to remove dependence on low-energy subtraction constants. However, knowledge of the LET for gluonic correlation functions permits the possibility of sum-rules that contain explicit dependence on the LET subtraction constant Π(0). For example, the dispersion relation appropriate to the asymptotic (perturbative) behaviour of the correlation function (2) is [3] Π Q 2 = Π(0) + Q 2 Π ′ (0) + 1 2
where ρ(t) is the hadronic spectral function with physical threshold t 0 appropriate to the quantum numbers of the current used to construct the correlation function. Unfortunately, direct application of the dispersion relation (7) is not possible because the theoretical (perturbative) calculation of Π Q 2 contains a field-theoretical divergence proportional to Q 4 . A related problem is the significant contribution of excited states and the QCD continuum to the integral of ρ(t) in (7) . Enhancement of the lowest-lying resonance contribution in applications to light hadronic systems requires greater high-energy suppression of this integral.
The established technique for dealing with these issues is the Laplace sum-rules [4] . A family of Laplace sum-rules can be obtained from the dispersion relation (7) through the Borel transform operatorB,
which has the following useful properties in the construction of the Laplace sum-rules: B a 0 + a 1 Q 2 + . . . a m Q 2m = 0 , (m finite) (9) B Q 2n t + Q 2 = τ (−1) n t n e −tτ , n = 0, 1, 2, . . . (n finite)
The theoretically-determined quantity
leads to the following family of Laplace sum-rules, after application ofB to the dispersion relation (7) weighted by the appropriate power of Q 2 :
There are some important constraints on k that will lead to sum-rules with predictive power. Since the perturbative prediction of Π Q 2 contains divergent constants multiplied by Q 4 , the sum-rules L k (τ ) where this contribution is absent require k ≥ −2. However, the low-energy constants Π ′ (0) and Π ′′ (0) are not determined by the LET [i.e. only the quantity Π(0) appears in (1) ]. Hence the sum-rules L k (τ ) which will be independent of Π ′ (0) and Π ′′ (0) must satisfy k ≥ −1, and only the k = −1 sum-rule will contain dependence on the LET-determined quantity Π(0):
The "resonance(s) plus continuum" model is used to represent the hadronic physics phenomenology contained in ρ(t) in (13) (14) [4] . In this model, hadronic physics is (locally) dual to the theoretical QCD prediction for energies above the continuum threshold t = s 0 :
The contribution of the QCD continuum to the sum-rules is denoted by
Since the continuum contribution is determined by QCD, it is usually combined with the theoretical quantity L k (τ )
resulting in the following Laplace sum-rules relating QCD to hadronic physics phenomenology:
The property lim s0→∞ c k (τ, s 0 ) = 0 (20) implies that the sum-rules (17) and (14) are identical in the s 0 → ∞ limit.
The only appearance of the Π(0) term is in the k = −1 sum-rule, and as first noted in [5] , this LET term comprises a significant contribution in the k = −1 sum-rule. From the significance of this scale-independent term one can ascertain the important qualitative role of the LET in sum-rule phenomenology. To see this role, we first model the hadronic contributions ρ had (t) using the narrow resonance approximation
where the sum over r represents a sum over sub-continuum resonances of mass m r . The quantity F r is the coupling strength of the resonance to the vacuum through the gluonic current J(0), so the sum-rule for scalar gluonic currents probes scalar gluonium states. In the narrow-width approximation the Laplace sum-rules (18) (19) become
Thus if the (constant) LET term is a significant contribution on the theoretical side of (23), then the left-hand side of (23) will exhibit reduced τ dependence relative to other theoretical contributions. To reproduce this diminished τ dependence, the phenomenological (i.e. right-hand) side must contain a light resonance with a coupling larger than or comparable to the heavier resonances. By contrast, the absence of the Π(0) (constant) term in k > −1 sum-rules leads to stronger τ dependence which is balanced on the phenomenological side by suppression of the lightest resonances via the additional powers of m 2 r occurring in (24) . Thus if Π(0) is found to dominate S −1 (τ, s 0 ), then one would expect qualitatively different results from analysis of the k = −1 and k > −1 sum-rules. Such distinct conclusions drawn from different sum-rules can be legitimate. In the pseudoscalar quark sector, the lowest sum-rule is dominated by the pion, and the low mass of the pion is evident from the minimal τ dependence in the lowest sum-rule. By contrast, the first subsequent sum-rule has an important contribution from the Π(1300) [6] , as the pion contribution is suppressed by its low mass, resulting in the significant τ dependence of the next-to-lowest sum-rule.
Explicit sum-rule analyses of scalar gluonium [3, 5, 7] uphold the above generalization-those which include the k = −1 sum-rule find a light (less than or on the order of the ρ mass) gluonium state, and those which omit the k = −1 sum-rule find a state with a mass greater than 1 GeV. The prediction of a light gluonium state is in disagreement with lattice results [8] which are converging upon a scalar gluonium mass of approximately 1.6 GeV, but would have interesting phenomenological consequences as a state which could be identified with the f 0 (400−1200)/σ meson [9] . A deeper understanding of this discrepancy in the sum-rule analyses is clearly necessary to either support or rule-out a phenomenological scenario of a "two-scale" gluonium sector similar to that of the pseudoscalar quark mesons.
In Section 2 we demonstrate that the instanton [10] contribution to the gluonic correlation function (2) naturally partitions into a scale-dependent portion contributing to all sum-rules (an instanton "continuum") and a scaleindependent portion which only appears in the k = −1 Laplace sum-rule. Furthermore, we demonstrate that the instanton contribution unique to the k = −1 sum-rule cancels against part of the LET contribution from Π(0), thereby reducing the discrepancy between the k = −1 and k > −1 sum-rules. The phenomenological implications of this cancellation between instanton effects and the LET are investigated in Section 3.
Instanton Effects in the Laplace Sum-Rules
The field-theoretical (QCD) calculation of Π Q 2 consists of perturbative (logarithmic) corrections known to threeloop order (MS scheme) in the chiral limit of n f = 3 massless quarks [11] , QCD vacuum effects of infinite correlation length parameterized by the power-law contributions from the QCD vacuum condensates [5, 12] , 1 and QCD vacuum effects of finite correlation length devolving from instantons [13] 
with 1. . . . the perturbative contribution (ignoring divergent terms proportional to Q 4 ) given by
2. . . . the condensate contributions given by
1 The calculation of one-loop contributions proportional to J in [12] have been extended non-trivially to n f = 3 from n f = 0, and the operator basis has been changed from αG 2 to J .
3. . . . and the instanton contribution given by
where K 2 (x) represents a modified Bessel function [14] .
The strong coupling constant α is understood to be the running coupling at the renormalization scale ν, and renormalization group improvement of the Laplace sum-rules implies that ν 2 = 1/τ [15] . The instanton contributions represent a calculation with non-interacting instantons of size ρ, with subsequent integration over the instanton density distribution n(ρ). 2 The theoretical contributions to the Laplace sum-rules corresponding to (25) are
An alternative to the direct calculation of the Laplace sum-rules through the definition ofB in (8) is obtained through an identity relating the Borel and Laplace transform [16] 
where the real parameter b in the definition (33) of the inverse Laplace transform must be chosen so that f Q 2 is analytic to the right of the contour of integration in the complex plane. Using the result (32), the Laplace sum-rules (11) can be obtained from an inverse Laplace transform of the theoretically-determined correlation function:
In the complex Q 2 plane where the inverse Laplace transform (33) is calculated, the QCD expression (25) for the correlation function Π Q 2 is analytic apart from a branch point at Q 2 = 0 with a branch cut extending to infinity along the negative-real-Q 2 axis. Consequently, analyticity to the right of the contour in (33) implies that b > 0. Consider the contour C(R) in Figure 1 ; Π Q 2 is analytic within and on C(R) and so with z = Q 2 0 = 1 2πi
which leads to
Taking the limit as R → ∞, which requires use of the asymptotic behaviour of the modified Bessel function [14] 
the individual integrals over Γ 1...4 are found to vanish, resulting in the following expression for the Laplace sum-rule.
Perturbative and QCD condensate contributions to the Laplace sum-rules are well known [3, 5, 7] , and serve as a consistency check for the conventions used to determine the instanton contribution through (38). Keeping in mind the k ≥ −1 constraint established previously, we see that the perturbative contributions to the θ integral in (38) are zero in the limit as ǫ → 0, leaving only the anticipated integral of the discontinuity across the branch cut [i.e. ImΠ pert (t)] to determine the following perturbative contributions to the Laplace sum-rule.
The QCD condensate terms proportional to b 0 , c 0 and d 0 in the correlation function Π(z) do not have a branch discontinuity, so their contribution to the Laplace sum-rule arises solely from the contour Γ ǫ (represented by the term in (38) with the θ integral), and can be evaluated using the result −
2πi
Γǫ e zτ z n dz = 0 , n = 0, − 1, − 2, . . .
The QCD condensate term proportional to b 1 requires a more careful treatment. If Π(z) is replaced with log z/ν 2 in (38) then we find
The last term in this equation will be zero in the ǫ → 0 limit except when k = −1. Similarly, the t integral is well defined in the ǫ → 0 limit except when k = −1. With ν 2 = 1/τ , and with evaluation of the ǫ → 0 limit [which, for k = −1, involves cancellation between the two integrals in (41)] we find
where γ E is Euler's constant. It is easily verified that equations (42), (40), and (39) lead to the known results [3, 5, 7] for the non-instanton contributions to the Laplace sum-rules for scalar gluonic currents.
To evaluate the instanton contributions to the Laplace sum-rule, we must calculate the following integral.
Simplification of (43) requires the following properties of the modified Bessel function K 2 (z) [14] K 2 (z) ∼ 2 z 2 , z → 0 (44)
where H
2 (z) = J 2 (z) + iY 2 (z) and H
2 (z) = J 2 (z) − iY 2 (z). The asymptotic behaviour (44) implies that the θ integral of (43) will be zero in the ǫ → 0 limit for k > −1 and the identity (45) allows evaluation of the discontinuity in the t integral of (43), leading to the following instanton contribution to the Laplace sum-rules:
Comparison of (46-47) with (18) (19) reveals that the instanton contributions to the Laplace sum-rules partition themselves into an instanton "continuum" contribution devolving from
and in analogy with the role of LET, a τ -scale-independent contribution of − 128π 2 dn(ρ)
which appears only in the k = −1 sum-rule. This LET-like instanton contribution depends on the total instanton density, so its sign is identical to that of the LET term in (18) . Consequently, some cancellation occurs between instanton effects and the LET contribution in the k = −1 sum-rules. An estimate of the numerical significance associated with this cancellation is provided by the instanton liquid model [17] 
Using a recent determination of the gluon condensate [18] 
we see that the relative effect of the cancellation between the LET and LET-like instanton contribution is
We have not attempted to assign an uncertainty to the instanton liquid estimate of the total instanton density, so the uncertainty in (54) is assumed to devolve entirely from the value of the gluon condensate (53). 3 Thus our estimate of the τ -scale-independent instanton contribution indicates a reduction by 50-90% in the role of the Π(0) LET term appearing in the k = −1 sum-rule. Recalling that the dominance of the LET over S −1 is responsible for the discrepancy in gluonium mass scales in the analysis of the k = −1 and k > −1 sum-rules, we see that suppression of the LET by instanton effects could reconcile this discrepancy, a possibility which is investigated further in the next section.
Phenomenological Impact of Instanton Effects in the Laplace Sum-Rules
Ratios of Laplace sum-rules provide a simple technique for extracting the mass of the lightest (narrow) resonance probed by the sum-rules. If only the lightest resonance (of mass m) is included in (23) and (24), then for the first few sum-rules we see that
This method of predicting the mass m requires optimization of s 0 to minimize the τ dependence that can occur in the sum-rule ratios. However, a qualitative analysis which avoids these optimization issues occurs in the s 0 → ∞ limit where bounds on the mass m can also be obtained. These bounds originate from inequalities satisfied on the hadronic physics side of the sum-rule because of the positivity of ρ had (t). For example,
Furthermore, positivity of ImΠ QCD (t) leads to an inequality for the continuum.
These inequalities can be extended to include the k = −1 sum-rules and continuum.
We then see that
The final inequality of (61) follows from c 1 /S 1 ≥ s 0 c 0 /S 1 ≥ c 0 /S 0 via (58) and (57). Similarly, we find from (59) and (60) that
Thus the ratios of the s 0 → ∞ limit of the sum-rules provide bounds on the mass in this single narrow resonance approximation. Extending the analysis to many narrow resonances alters (55-56) so that the sum-rule ratios are an upper bound on the lightest resonance, upholding the bounds (61-62) on the mass m 2 of the lightest resonance.
The sum-rule bounds in (63-64) can now be employed to determine the phenomenological impact of the instanton contributions on the sum-rule estimates of the lightest gluonium state, and to assess whether the suppression of the LET contribution by the instanton effects is sufficient to reduce the discrepancy between sum-rule analyses containing or omitting the k = −1 sum-rule. Collecting results from equations (27,38-40,46,47) the first few sum rules L k (τ ) are
where a = ρ 2 2τ . RG improvement has been achieved by setting ν 2 = 1/τ in the correlation function and in the (three-loop, n f = 3, MS) running coupling α:
with Λ MS ≈ 300 MeV for three active flavours, consistent with current estimates of α s (M τ ) [20, 21] and matching conditions through the charm threshold [22] . The result of the various x integrals, omitted for brevity in (65-67), are ∞ 0
∞ 0
The nonperturbative QCD parameters are needed for further analysis of the sum-rules. We employ the instanton liquid model [17] parameters summarized in (50), as well as vacuum saturation for the dimension-8 gluon condensate [23] 
and instanton estimates of the dimension-six condensate [1, 4] 
Finally, using the approximation J = αG 2 and the central gluon condensate value [see (53)] from reference [18] , we find that the role of instanton contributions to the sum-rules (65-67) is as illustrated in Figures 2, 3 , and 4. In particular, we see that the instanton contributions diminish L −1 (τ ) + Π(0). The LET term Π(0), which leads to the asymptotic flattening of L −1 (τ ) + Π(0) at a value substantially different from zero when instantons are absent, is clearly suppressed by instanton effects in the large τ region. By contrast, instanton effects increase L 0 (τ ), and alter the shape of L 1 (τ ).
The corresponding effects of instantons on the sum-rule ratios (63-64) is shown in Figures 5 and 6 . As expected from the instanton's impact of lowering L −1 (τ ) and elevating L 0 (τ ), the ratio L 0 (τ )/ [L −1 (τ ) + Π(0)] is increased substantially by inclusion of instanton effects, increasing the corresponding upper bound on the mass of the lightest gluonium state. Instanton effects also serve to lower the ratio L 1 (τ )/L 0 (τ ), decreasing the corresponding upper bound on the mass of the lightest gluonium state. Figures 7 and 8 summarize the ratio (mass bound) analysis in the presence and in the absence of instanton effects. It is evident that instanton effects lead to a substantial increase in the mass bound on the lightest gluonium state, but other important features emerge. For example, the instanton suppression of the LET term Π(0) reduces the discrepancy between the ratios including or omitting the k = −1 sum-rule. Furthermore, a τ -minimum stability plateau crucial for establishing a credible upper mass bound is seen to occur at reasonable energy scales (1/ √ τ ≤ 1.0 GeV) only when instanton effects are included. The ratios with instanton effects included (see Figure  7 ) are remarkably flat, suggesting that the mass bounds could be close to the mass prediction that would be obtained from a full sum-rule analysis incorporating the QCD continuum (i.e. s 0 < ∞) in the phenomenological model.
Conclusions
We have demonstrated the partition of instanton contributions to the Laplace sum-rules of scalar gluonic currents into a term which only contributes to the k = −1 (LET) sum-rule, and an instanton continuum portion contributing to all sum-rules. The role of the LET subtraction constant Π(0) is substantially diminished by instanton effects, resulting in the significant modification of the k = −1 sum-rule illustrated in Figure 2 .
Sum-rule mass bounds on the ground state of scalar gluonium further demonstrate the phenomenological significance of instanton effects. In the absence of instantons, the sum-rule bounds of Figure 8 are indicative of a very light gluonium state with a mass m < 750 MeV. However, when the instanton-liquid model is used to include instanton effects (Figure 7) , these bounds increase dramatically to m < 1300 MeV. Given the uncertainties associated with the instanton effects and other non-perturbative parameters, it seems plausible that with inclusion of instanton effects, the sum-rule mass bounds for scalar gluonium may approach lattice estimates of a ground state in the vicinity of 1.6 GeV. Conversely, comparison of lattice and sum-rule determinations of scalar gluonium may provide valuable information on the role of instantons in the vacuum structure of QCD.
Note Added: After completion of this work we became aware of [24] which obtained similar results to those presented here upon considering instanton contributions to the Laplace sum-rules for scalar gluonic currents. 
